
Let u s  now return to the more general case that o~ f og . Specifically, suppose 
that one frequency component represents the frequency, o 0 ,  of the spectral peak 
of interest, and that the second component at  frequency, o is generated by a 
reference oscillator, a, d. is chosen sufficiefitly close to w 0 that 

Next, let the two signals be added to form the input to a suitable non-linear 
device. The device output (as we have previously noted) will contain signals a t  
frequencies, o o. o ,,r. 20  0. 2o ,r , (o 0 + rn ,d 1, and (o 0 - o ), a s  shown in Figure 
4.22. Finally. let the outpuf signal be subjected to a low-pass filter (i.e., a device 
which will pass signals only up to an upper frequency limit). The .low-pass filter 
removes all of the fundameqtal. harmonic, and sum-frequency components, and 
leaves only the much lower-frequency differe~ce-frequency components. 
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~ i g & e  -4.22 ~ c h h a t i c  _heterodype detector, consisting of a reference oscillator, 
mixer, and low-pass filter. The mixeris  a non-linear device which has an effect 
equivalent to multiplying the two input signals together. The mixer output has 
frequency components at  
fre uenci s. The low-D 
p3 eaving a narrow-band frequency-domain spectrum of potentially high digital 
resolution (i.e., all of the spectral data poin+@,packed intn 9 norrnxlr hgrldwidth). 

I 



In physical terms, the effect of the mixer/filter combination is to serve as  a 
spectral "slit", whose position is centered at the frequency of the reGxeuc  
~scillator, asd  whose yidth Is equal to the bandwidth of the low-~a-. 
Because the mixer has an effect similar to multiplying ("beating") the two input - - 
signals together. the experiment is called " h e t e r o d 6 i n ~ .  

Apart from any FT applications, the heterodyne experiment has several major 
advantages for spectroscopy. First. the '$lit" width is adiusted electronically. and 
may therefore be made arbltrartly wide or narrow w i u  any rne.c%anical 
adjustment to the spectrometer. Second. the reference oscillator frequency may 
'De specified with high accurqcy (e.g., a laser for the case of optical mixing, or an rf - or ICR mixers). Since t h ~ f r e a w c v  scale is OSClIIatOr lor NMK 
electronically, without internal calibration, it can therefore be v e .  



6.4.2 Probabilitv ~eakine:  most probable result 

Faced with uncertainty in choice of the "best" spectrum. we should not be 
surprised to find that the "best" answer is a matter of probability. In general. the 
probability. P (rn) of a particular result. rn , is defined by: 

Number of ways of obtaining the result rn 
(m ) = Total number of ways of obtaining all possible results 

For example, in one throw of two (honest) dice. there is only one way to roll a 
2 (namely. 1.1). two ways to roll a 3 (1.2: 2; l) .  and so on. From Eq. 6.66. the 
reader can easily show tha t  the odds of rolling a 7 are thus.  
6/(1+2+3+4+5+6+5+4+3+2+1) = 6/36 = 1/6. The number, 7. is also the most 
probable result. because there are more ways (6) of obtaining it than of any other 
number between 2 and 12. 

Example: Coin tosses 

that only the m s t  probable result matters. so that we can ignore all other possible 
outcomes. Therefore, consider first the simpler problem illustrated in Figure 
6.13. The relative probability of obtaining m heads after N tosses of a single coin 
is given by: 

When the number of tosses is relatively small (say. N < 10). the number of 
heads from a particular experiment can differ significantly from the most probable 
result, namely. N /2 = 5 heads. However, a s  the number of tosses becomes large, 
we will be very likely to observe a result very close (percentage-wise) to the most 
probable result (i.e., N /2 heads in a particular N -toss experiment). Thus, for large 
N ,  we can safely ignore all but the most probable result. 

The result shown in Figure 6.13 is a direct consequence of the number of 
ways of producing a given result (in this case, the relative number of heads after N 
coin tosses): 'e.g.. there is only one way that all of the tosses can be heads. but 
there is a huge number of ways that half of the tosses can be heads. For large N.  
we are therefore almost certain to obtain -N /2 heads. 
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probable result (namely, 0.51. 

Example: Sorting particles into energy levels: Boltzmann distribution 



624 QUANTUM MECHANICS: WHEN IS IT REALLY NECESSARY? 

C8t -Ni  and N,  represent the numbers of particles in energy levels 

will shortly find in the laser experiment. Equation 19-3 then becomes the 

N,/N = exp [-ei/kT ]/C exp [ - E J ~ T  ] 
1 

Based on the Boltzmann distribution, a temperature is considered 
"low" when most of the particles have an energy much greater than thermal 
energy, ei >> KT, and a "high" temperature corresponds to particles whose 
energy is much less than thermal energy, E, << kT. At "low" temperature, 
most of the particles will be in the lowest energy Ievel(s1, while a t  "high" a 
temperature most of the energy levels will be equally populated, as shown 
schematically in Fig. 19-3. Of the energy-level situations we have examined 

FIGURE 19-3. Relative equilibrium populations (abscissa) of various enere 
levels (ordinate) for three relative ratios of el to thermal energy, kT. Low-tempera- 
ture: E, >> kT; intermediate temperature, - kT; high temperature, ci << hT 
Examples of each situation may be found in Table 19-1. Relative populatioos are 

I obtained from Eq. 19-4a. 
C 
1: 

I ' 



BOLTZMANN DISTRIBUTION 625 

Table 19-1 Relative Populations of Two Adjacent Energy Levels, for Various 
Types of Natural Oscillations (See Eq. 19-4a) 
v Relat~ve Populations of Lowermost = kv = L. c and Next Hehest Energy Levels, 

C IV,/N., for Var~ous Temperatures 
Energy Difference 

Typtcal Natural (c, - eO) Associated Room 
Nature of Frequency of that w ~ t h  that Frequency Temp Llq N, Liq. He 

Osc~llatlon Oscillat~on where hu = (c, - 6.) (295°K) (77'K) (4.2"K) 

b- 9 Eh,, -ISSrb IIs t 6 1 f i +  

65.8 GHz (electron spin 0.989 
M, resonance in magnetic 

100 MHz ( p p & p  
Mnuclaur magnetic resonance in 

magnetlc field of 435 

the system is a t  thermal equilibrium with its surroundings (i.e., almost all 
the time, for our purposes), there will be more particles in lower energy 
levels than in higher energy levels, as seen in Fig. 19-3. 

As discussed further in the second half of this chapter, Table 19-1 
partly explains why magnetic resonance absorption is so much weaker than 
infrared and optical absorption. Since the absorption intensity depends on 
the difference in the number of particles in the lower and upper energy 


