
148 SUCCESS AND FAILURE 

Particularly with synthetic polymers, random coil~calculations permit 
direct conclusions regarding the effect of solvent. In a "good" solvent that 
attaches itself to the polymer a t  many places, the polymer will swell (larger 
root-mean-square end-to-end distance), because the polymer chain is no 
longer as free to fold back on itself. Similarly, a "poor" solvent effectively 
compresses the polymer because of repulsive forces between solvent and 
external polymer surface. 

Similar effects arise for the biologically more common polymers that 
possess many electrical charges along the chain. These charges or?inarily 
act to 'stabilize the (usually rigid) structure of enzymes and nucleic acids, 
through electrostatic bonds between parts of the chain. The presence of 
highly polar or charged species, such as urea, guanidine, salt, or detergent 
disrupts these electrostatic bonds and allows the biopolymer to unfold. For 
example, the (charged) sodium carboxymethylcellulose polymer in the pres- 
ence of high salt concentration exhibits the same dimensions in solution 
as does the (uncharged) celhilose polymer. Detergents have recently been 
found of great value in the selective dismembering of biological membrane 
components, to permit the isolatioq of membrane-bound protein enzymes 
and drug receptors. Another use for detergents devolves from their capacity 
to unfold and coat most proteins into an approximate rod shape, where the 
length of the rod is directly related to the molecular weight of the polypep 
tide. The great difficulty in determination of the molecular weight of a 
protein is that almost all determinations depend on the shape of the pro- 
tein; the addition of dstergent or guanidine hydrochloride unfolds most 
polypeptides to a common shape (rod or random coil), and the polypeptides 
can then be compared on the basis of size (molecular weight) alone. 

B.B. TRANSLATIGNAL DIFFUSION ( b w  ~ n b ~ k  rtg'+) 

Translational diffusion of a substance across a boundary is a problem or an 
advantage in a great number of biophysical measurements. Analysis of 
diffusion is required for understanding the patterns of movement and sepa- 
ration of components of mixtures in the ultracentrifuge, in chromatography, 
and electrophoresis. Diffusion is the basis for analysis of the spreading of 
antigen on an agar plate in immuno-assays. Diffusion rates may be used to 
calculate the molecular weight of large molecules, one of the most basic 
(and most difficult) problems in biochemistry. Finally, i t  is essential to 
understand passive diffusion before it  is possible to treat active transport 
across membrane boundaries. 

In this section, we first examine an intuitive derivation of diffusion 
behavior, in a way that provides for a direct comparison to. the rigorously 
derived random walk solution. The utility of the intuitive result becomes 
clear in the ensuing treatments of electrophoresis and sedimentation, where 
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in addition to diffusion a t  a boundary, the boundary itself is forced to move 
under & electrical or centrifugal force. 

Intuitive "Derivation" of the Diffusion Equation 

Physical "laws" represent intuitive claims that cannot be derived from 
simpler claims, and whose consequences find no contradiction in experi- 
ment. Newton's laws of motion and the laws of thermodynamics are ex- 
amples; so is the very important Fick's law of flow. Fick's intuition was that 
flow of substance from an area of one concentration to an area of different 
concentration should be proportional to the difference in concentration 

K f l  between the two regions, by analogy to the flow of heat, which is propor- 

- - -D4 k 
)7 

= (b)& % 1 ectional area across which flow occurs) (6-51) 

I b C" 
where D is the oportionality, the minus sign indicates that 

b ha wd calculus notation is used to refine the statement of the law to incorporate 
an infinitesimal change in concentration in crossing the boundary. The 
form of Eq. 6-51 is much mare general than the present applications would 
suggest: a similar equation holds for flow of heat p ~ p o e n a l  to &tempera- 
ture madient, flow of fluid proportional to a piessure - - cadien5 or- 

P ~ - 9 , ~ k ~ r i c a ~  .__- rpressPEe") gradient. 
~ o & s t  the intuitive claim df Eq. 6-51 we need merely look-afa diffusion 

on both sides by solvent; a t  later times, spread out into the 

rather than total amount of 
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Flow in- -Flow out A T A /  

ced early in the ran- 
y phrased. The choice 

advantage as follows. If 
nce, then concentration 

e, say f ( y ) .  Now over any small 
terms of its value and the value of 

its derivatives at a near g a Taylor series (see Appendix): 

Equation 6-53 may now be d y ) ,  from (aclby) 
aty: 
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Diffusion Equation 

Substituting the right-hand side of Eq. 6-54 for (a~lay),~,,, in Eq. 6-52 
gives 

Equation 6-55 is' the famous diffusion equation, which is one of the most 
important equations in physical science; most of the others are encountered 
Icter in this book. Solution of Eq. 6-55 entails specialized methods pioneered 
by Fourier, and would detract from the simplicity of the result, which is 

where c ( y )  is the concentration of substance at distance y a t  time t, and 
c(0) is the concentration of substance initially a t  the origin at time zero. 

An example of the success of Eq. 6-56 in fitting actual experimental 
diffusion resu1ts.i~ shown in Fig. 6-5. It is readily shown (see Problems) that 
the distance between the inflection points of the theoretical Eq. 6-56 is 
2 mt. Furthermore, since the left-hand side of Eq. 6-56 simply represents 
the probability of finding a given dye molecule a t  pointy, the average abso- 
lute distance away from the origin after time t may be obtained from 

FIGURE 6-5. Diffusion of CO-hemoglobin in H20 from a thin initial lager 
[O. Lamm and A. Polson, Biochem. J. 30,528 (19361.1 The solid line is the theoreti- 
cal prediction from Eq. 6-56. 
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or just 

But the situation described by Eq. 6-56 and shown in Fig. 6-5 is identical 
to that treated in the random walk analysis that led to the result 

where 

N = total number of steps in the walk 
1 = length of one "step" 
v = number of steps per unit time 

,pz =bTF 
1 

! 

t = duration of the "walk" I 

Correspondence of Eqs. 6-58 and 6-59 leads immediately to 
result 6 ~ 4 -  ! ~ w e P w  

1 D = - v 1 in one dimension 2 

A treatment with more algebra but the same intellectual content (amcEW- 
-shows that similar results obtain when the treatment is extended to LY ' 
two or three dimensions: 

D = (114)vl for diffusion in two dimensions 

D = (1/6)v12 for diffusion in three dimensions 

I 
The significance of Eqs. 6-60 is that they give the relation between the \ 

intuitive (empirical, physical) model based on continuous flow and the de- 
ductive (microscopic, statistical) model based on jerky progress by means 
of many small random steps. The reason physical scientists are so con- 
cerned with statistics is that almost all physical models are based on the 
behavior of one or two particles a t  a time, and some sort of averaging proc- 
ess is always required (Equations 6-49,6-57) to apply the model calculation 
to the macroscopic experiment involving huge numbers of particles: the 
diffusion problem is one of the few for which a rigorous correspondence be- 
tween the (microscopic) model and (macroscopic) reality can be made. 

At this stage, i t  is reasonable to wonder why molecules should behave 
as if they were bouncing around very rapidly. To make the question less 
hypothetical, one can consid~r the motion of pollen particles (Brownian 
motion), which is readily apparent in an ordinary microscope. Detailed 
experiments have shown that the random motion of such particles is not 11re purpse: u 

of antibody is broi 
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ascribable to - g ,  wil la ry  action at the edge ~f 
-, cavitation (formation of small buhhleg), uneven heating, &- 

active f o r c e s % Z % Z e x t e r n d l  idluence. The ex- 
anation for the phenomenon is that any one particle is being bombarded 

on all sides by solvent molecules, and while the average of many such col- 
lisions is to leave the particle where it started, a given particle a t  any one 
instant "feels" a net force that causes it to move. This random motion is 
responsible for all chemical reactions (molecules must collide before they 
can react), and when we consider the action of enzyme catalysts in the en- 
hancement (speeding up) of reaction rates, we will return to a short diffusion 
argument to find out how oRen the reactants collide. 

Applications The principal applications for the diffision equation, 
E ~ .  6-55, involve (1) diffusion from a point, (2) d e i o n  from ppe laver to . 

another, and (3) ditI'usion across a membrane. Diffision between layers - 
occurs in chromatography, electrophoresis, and sedimentation, and is dis- 
cussed in those sections k well aslater in this section. Diffusion through a 
membrane is discussed in our examination of the Donnan equilibrium 
(Chapter 21, and we now look a t  two examples of diffusion from a point, as 
they are regularly applied in immunology. 

EXAMPLE Zmmuno-deion 

in Fig. 6-6 is illustrated 
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EXAMPLE Diffusion at a Boundary 

Diffusion at a boundary is of interest for two reasons: (1) i t  provides a means 
for determination of the diffusion constant of a macromolecule, from which 
we will shortly be able to find the molecular weight, and (2) i t  occurs in most 
of the preparative and analytical methods for separation of mixtures of macro- 
molecules in the purification that must precede any study of function on a 
molecular level. 

Measurement of diffusion constant. Consider a system consisting of an initially 
sharp boundary that separates a layer of solvent from a layer of solution of 
macromolecular concentration, [C],, as shown in Fig. 6-10. If the column of 
solution on either side of the boundary is sufficiently long, then the macro- 
molecular concentration may be assumed to remain a t  either [Cl, or zero far 
from the boundary-under these conditions, Eq. 6-55 may be solved to yield 
the concentration of macromolecule as  a hnction of distance in the vicinity 
of the boundary: 

+ 
Y - 0  

Distance y  

Y - 0  
Distance y  

FIGURE 6-10. Progress of a diffusion experiment from an initially sharp 
boundary a t  t = 0. (From C. Tanford, Physical Chemistry of Macromolecules, John 
wiley & Sons, 1961, p. 354.) 
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Plots of concentration near the boundary a t  later times are calculated from 
Eq. 6-6 and shown in Fig. 6-10. (The definite integral in Eq. 6-61 is the famous 
Gaussian or error-hnction, A d  is tabulated in many math tables.) 

Both the algebra apd the experiment are simplified by examination of the 
concentration gradient, a [C ]lay, rather than the concentration itself. 

The form of the concentration gradient as  a function of distance at  particular 
times is also shown in Figure 6-10. 

The diffusion constant may be determined either from concentrati 
measured by light absorption a t  a suitable wavelength, for example) or from 

_conoentrathn+tdk~swCrey &raet&&xkxpe~-seeCtrapter 

(a) Diffusion constant from concentration measurements. Frpm Eq. 6-61 it 
may be shown (see Problems) that the square of the distance between the 
points at  'which' [C ]  = [C],/4 and [ C ]  = 3[C],/4 is proportional to the 
time since the boundary was initially created: 

Thus, D may be determined from the slope of an experimental plot of 
(AyI2 versus time. 

(b) Diffwion constant from concentration-gradient. From Eq. 6-62 one can 
readily show that the area under the plot of concentration gradient versus 
distance is 

", 200 - - 
x 
0 7  .- 

Time (sec) 

FIGURE 6-11. Determination of diffusion coefficient for ovalbumin from area 
and height of a plot of concentration &adient versus distance a t  particular times 
(see text). Since the boundary was not perfectly sharp at t = 0, the line in the graph 
does not pass through the origin. [From 0:Lamm and A. Polson, Biochem. J. 30, 
528 (1936).] 
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Table 6-1 Diffusion Coefficients for Macromolecules in Aqueous 
Solution 

Macromolecule Molecular Weight DWswPLer x 10' cm2sec-' 
// . 

Ribonuclease 13,683 11.9 
C hymotrypsinogen 23,200 
Ovalbumin 45,000 
Hemoglobin 68,000 ?;6 6.9 (f(4:) 
Tropomyosin 93,000 2.24 
Fibrinogen 330,000 2.02 
Collagen 345,000 0.69 
DNA 6,000,000 0.13 - 

r 

"Diffusion coefficients h m e  been corrected.to the value that would be obsemd at 20°C 
in pure water fir the same site and shape. [D& frOm C.  Tanford, Physical Chemistry of 
Mqmmolecules (John Wiley, N.  Y, 1961 1. pp. 358,361 1. 

ile the height of the curve a t  y = 0 is just 4 
Thus the rat1 of area to height is given by a\ / 

-2-' ,/ Height- \ *- 
and a plot of line of slope, 4 TD, 
as.shown in Fig. 6-11. 

effect of This matter is explored 
after a discussion of viscosity. 

& ( ( ~ k u c l  t m w u  

PROBLEMS 

how that the root-mean-square number of steps away from the 
in a one-dimensional random walk (Eq. 6-44), after N steps, is 
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7 Forced March 

7 . : .  ELECTROPHORESIS 

\1 ,1+r  large biomolecules are ampholytes; that is, the molecule has a large 
11~111lher of labile protons, and each proton exhibits a characteristic pK,,. 
I..t~om the individual pK,,s, i t  is possible (see Chapter 3) to compute the "iso- 
(.l(~c,tr~c point,"pI, as the pH a t  which the macromolecule possesses an equal 1, and thus behaves as a net neutral 
-~)cncies. If the solution pH is beloul the isoelectric pH, .. the - macromolecule 
\\ I I I have net positive charge; above p l  the molecule will have net negatrve 
(Il,irge. The point of this discussion is that unless the solution pH happens 
t 1 1  culncide exactly with the uniquepl. the macromolecule will be electrically 
( h'irged. and will move under the influence of an electric field. Analysis of 
r Ills motion proceeds in three stages. First, we must explain why a charged 
~llolecule in solution moves a t  a constant velocity proportional to the applied 
c%lcctric field-the applied electric field represents a constant force on the 
ll~olecule. so one would intuitively expect the molecule to accelerate along 
the applied field. Second, we will establish the important relation between 
Ion motion and diffusion constant. required for understanding of the effect 
of molecular shape on transport phenomena (diffusion, sedimentation, 
electrophoresis). Finally, the empirical continuous-flow model will be 
applied to the ion motion, to predict the result of an electrophoresis experi- 
ment. 

Why Does an Ion Subjected to a Constant Force Move at Constant 
Velocity? 

A particle with charge, Q, when subjected to an  electric field (voltage gradi- 
ent! electrical "pressure" gradient), E, experiences a constant net force 

m a = Q E  
m = mass 
a = acceleration 

An isolated particle (e.g., in vacuum) would thus accelerate a t  a constant 
rate under the influence of such a force. However, an ion in aqueous solution 
is not free to move, but is held back by a frictional force proportional to its 
velocity: 
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\ where f is the frictional coefficient. As soon a s  the electric field is turned on, 
the particle will accelerate until i t  reaches a limiting velocity (similar to 
the limiting velocity of a parachute) for which the frictional force just bal- 
ances the (driving) electrical force, to give a net force of zero (i.e.. constant 
velocity): 

11 limiting velocity = 

Microscopic Origin of Friction: Relation 
and ~ r a n s l a t i o n ~ f f u s i o n  / 

gins from a microscopic model in 

v,,, = thermal velocity (distancelsec) 

where 
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The result. Eq. ionic mobility in an  electric field to diffusion 
in the absence is susceptible to experimental test, since 

temperature and the D value then com- 
of D from, say, diffusion a t  a boundary. 

result. although it was arrived at 
occurrence in physical science, 

of simple models. 

Equation 7-13 is valid for m o l e c u l ~ n n  z, and since the dependence 
o f f  on molecular shape is well-knownTsee visCosity section). we will soon 
be in a position to account for dif ision or electrophoresis behavior of neutral 
or charged molecules of any shape. 

What Does an Electrophoresis 

Up to now, both macroscopic and microscopic treatments agree that  a 
charged molecule in solution (or in a gel) will mbve a t  a constant velocity, .+. 
given by its ionic mobility (ion velocity per unit electric field). In addition, ;. 
the relations between ion mobility, diffusion constant, and friction coeffi- 
cient have been derived. Experimentally, electrophoresis was first carried : 
out by carefully layering a dilute salt solution over a solution containing . 

the charged macromolecule of interest and observing the steady motion of 
the boundary on application of a n  electric field (Tiselius apparatus), as 
shown in Fig. 7-1. In the diagram, i t  is supposed that  there are two migrat- 
ing macromolecules, both negatively charged. but having different ionic 
mobilities. 

The main problem with the apparatus of Fig. 7-1 is that  i t  is difficult 
to form and maintain the sharp initial boundary required for good resolu- 
tion. Modern methods therefore rely almost exclusively on use of a medium 
such a s  paper or gel to reduce convective mixing, while still permitting 
almost unimpeded forced motion from the electric field. These methods 
consist of injection of a thin band of macromolecule-containing solution into 


