
' CHAPTER 
8 Bad Odds: Poisson Distribution 

N.A. RADIOACTIVE COUNTING 

'I'hcl origin of r a d e a n d  its interaction with matter is a topic for 
;~dvunced q u a n i m e c h a n i c s ;  for now, we are concerned with applications 
111 which the number of radioactive counts serves as an indicator of the 
Itration and thzoncentration of a species of chemical or biological interest. 
'I'hey facts required are (1) the grobability, a, that any one nucleus will 
s m i t  radiation during a given time interval of observation (say, one seconaf 
IS very small compared to unity, and (2) for a sample containing a l a r ~ e  
number of radioactive nuclei, the observed average number of counts is 
~)roportional to time. 

This situation is closely related to the bags and marbles problem we 
I~ave previously solved, except that now the desired event (observing a 
I-adioactive decay) has a probability, a << 1, rather than the case of a = 
11/21 that led to Eq. 6-4. In other words, observation of radioactivity is like 
looking for a black marble in a bag containing nbarly all white marbles: the 

probability of finding the desired black marble (radioactive decay) in a given 
bag (nucleus) is much less than one, and one would like to know how many 
black marbles (decays) one is likely to find in examination of many bags 
(nuclei). From intuitive reasoning precisely analogous to that which led 
to Eq. 6-4, the solution is clearly 

where P,.(rn) is the probability of obtaining m black marbles in one draw 
from each of N bags, a is the probability that any single draw will yield a 
black marble, and b is the probability that any single draw will yield a white 
marble. In order to apply Eq. 8-1 to the radioactive counting problem (and 
others in this section), i t  will now be supposed that the probability of obtain- 
ing a black marble on a single draw (i.e., the probability that any one un- 
stable nucleus will decay during the observation period) is small: 
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but the total number of draws ( 

more conveniently: 

ctors of Eq. 8-7 reduce to. 
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les drawn in a given e-. 
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which is the celebrated Poisson distribution. / 
As a check on the derivation, we will evjduate the auerage number of 

In other words, the result of many separate radioact- 
ments will be to give an average result of % =Nu, with a root-mean-square 
deviation of a VZ = 2 %. 

Just as the algebraic equation for an ellipse is complicated, while a 

FIGURE 8-1. Two binomial distributions that approach the Gaussian and 
Poisson limits shown in Table 8-1. (a), (0.5 + 0.5)1°; (61, (0.95+ 0.05PU. Note the skew 
in the right-hand plot. 
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Tabla 8-1. Illustration of the Common Origin of the Poisson and  NO^'. 1 
(Gaussian) Distributions as Special Cases of the Binomial Distribution.* 

BINOMIAL DISTRIBUTION i 1 

\ 
POISSON DISTRIBUTION 

r"&/*<pl- and 
( P I c  ;;'I' 

=E=- 
N o t e  that although the algebrarc form of the Porsson is different from that of the Gaussian 
drstributwn, the principal property (the standard devration from the average result) u similar 
in both cases 

sketch is simple, the meaning of Equations 8-9 and 8-11 is most readily 
apparent from a graph (see Fig. 8-11. Table 8-1 summarizes the basic mathe- . 
matics of this chapter. 

As far as radioactive counting experiments are concerned, the most 
important result from the Poisson treatment is that if the average number ' 

of counts observed during a given observation period is iii, then in any par- 
ticular observation period, the observed number of counts, m, will generally 
be within r 6- of the average value, 6. Now since the number of counts - 
increases as the length of the observation period (m a t L  while t h e w -  
sion in the measurement increases as s it is necessary to count for four 
times as long in order to decrease the fractional error, Amliii = a 
factor of two, as s 
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th' 
FIGURE 8-2. average number of 
counts. 



ku ih4  
EXAMPLE How manv radioactive counts must be accumulated in order 
that the per cen4error in the result be ?2%? 

\Fs 
~ o l u t i o p  = (I/*) = 0.02 
Ei = 2500 counts, with 

Before proceeding to some applications, it is necessary to dispense with 
two practical difficulties connected with the counting process: background 
radiation (from cosmic rays, natural radioactivity of the surroundings) and 
the finite resolving time of the counter itself. 

It would seem simple to find the net activity (observed counts per unit 
time) 

of a radioactive sample from the difference between the total (sample + 
background) activity, Abal, and the activity of the background (determined 
in the absence of the sample), AbaCkgmund: . . - 
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ttotal = tbacknwnd. 

tbarkumund = 3.5 minutes 

A\= observed counts + unobserved counts. 

For any radioactivity counter, there is a short period (100 psec for 
geiger counters, less than 10 psec for scintillation counters) following 
registry of a given count, during which the counter cannot record any 
further counts. If this period of insensitivity, or "dead time," is T ,  and the 
o m d  number of counts per second is A,-then the total length of time 
that the counter is i n o u d v e  durineone second is A 4  During that 
period, the number of counts that will be missed is A .Aobs 7,  where A is the 
true number of counts per second from the sample. &s k*' 

8 
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To determine the dead time, 7, of the counter, one need merely measure the 
count rate for three situations: sample #I alone, sample #2 alone, and 
sample #1 and #2 together. The corrected (true) count rates for #1 and #2 
alone must then 
together: 

+ A, - Aff and 2) 

1-A17 1 -A2~-1-A, l , , , - , 2 )~  

Since e . , - 11 7' << 7, Eq. 8-21 may be simplified to yield 

EXAMPLE A geiger counter gave a count rate of 1242 countslsec for 
sample #1 alone, 1371 countslsec for sample #2 alone, and 2209 countslsec 
for samples #1 and #2 together. Calculate the dead time of the counter and 
the error introduced when it is not corrected for. Background is 3 countslsec 
and is negligible. 

Solution 

The true count rate for source #1 is given by 

A, = 1460 countslsec, so that neglect of the 
correction for dead time leads to an error tV$ ~ 4 2  h) 
of about 15% in the counting rate 

Isotopic Dilution and Tracer Methods 

Modern medical diagnosis often relies in part on the determination of the 
amount of a particular metabolite in a particular body fluid or organ. How- 
ever, while it is generally possible to isolate the desired substance in 

mon use of radioisotopes in medicine (see examples). 
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In  isotopic dilution. radiation activit (count rate) is  used as a m 
of the  concentration of radioactive -%-- materia e r  gram of s h t a n c e .  H a  
sample of some pure compound consisting of n,, g r a m ~ ~ v i t y , ' ~ o  p(r I 
gram, is mixed with a n  additional grams of t he  same inactive c&. 1 
pound, then the count ra te  for t he  mixture will be "diluted" to the value. 1 

n 
n,, + nunk 

(8-25) 

of a n  ordinary chemical is  decreased on dilution 
with solvent. The amount of the inactive compound may then be found by 
rearrangement of Eq. 8-23: 

EXAMPLE Calculation of  Human Blood Volume 

C3\ a. Labeling the plasmn. In this method. human serum albumin (a large p 
tein. MW 68.000, normally present in human blood) is covalently iodi- 

Y nated with l3II to some of the tyrosine residues a t  a position ortho t~ the 
l U I  

Y 
hydroxyl group, prior to the test. Then LQco of labeled albumiq with a ~ -  
tivity of about 1 ~ C i l c c  (1 Curie amounts to 3.7 x lo1" counts/sec~is in- 
jected into themelbow vein: it takes about ten minutes for the injectad 
albumin to become equilibrated with the total blood volume. A bid, 
sample of 3 is then-withdrawn from the individual, and the radi 
tivity measured. 

If the activity of the 3cc blood sample is 3287 countslmjn, where the 

=und count for 3cc of blood withdrawn from the same individual 
the injection of labeled albumin is 175 countslmin, and the activity o 
labeled albumin (3  cc) used for injection is 5702 countslmip a t  a dilution 
o f a 0  (to make the count rate more similar to that to be measured for 
the blood). then the plasma volume is simply 

Ab /t - - 
5 0 0  (5702 - 1751 - r3287 - 175) a Plasma volume = 

. . 
= 3550 cc = 3.5 liter & 

Finally. the relative volume of the blood cells themselves may be deter- % 
mined by centrifuging a blood sample and determining the packed cell 3 

volume. For the example given, the blood cell volume might be 2.8 liters* 
to give a total blood volume (plasma plus cells) of 6.3 liter. 
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find the vo&of red blood cells. - 
Determination of blood volume is of most immediate use in deciding 
whether blood or plasma transfusions are required in cases of bleeding. 
burns. or surgical shock, and has b e e c r e ~ ~ o n s i b l e  for saving a great num- - 
her of lives of accident victims. 

For lean individuals. blood volume varies nearly in direct proportion to 
body weight, a t  about 80 cclkg for males. When a person puts on weight. 
however. the ratio of blood volume to body weight drops. because fat tissue 
requires less associated volume of blood vessels. Women. on the average. 
have a blood volume about 200 less than men (about 65 cclkg) because of 
their greater ratio of fat-to-lean tissue. 

Although the total blood volume may change somewhat when the body 
malfunctions, a more sensitive diagnostic indicator is the ratio of red 
beell the so-called hematocrit. In severe 
anemia. the hematocrit may fall from its normal value (40% for malss. 
36% for females) to as low as  15. due to a shortage of red blood cells. In  
contrast. excess Fed blood cells can a hematocrit of up to 70%) result from 
continued exposure to high altitude or from a tumor of the blood cell- 
producing organs. Finally, since the kidnevs are largely responsible for 
returning the blood volume to n o r m m o w i n g  a r e l a t i v m  

n 

change (such as  drinking a lot ot. water), measurement of blood volume as 

EXAMPLE Thyroid ~ u n 6 n  

13'1 provides a natural 

/. 

from the counter. 


