Appendix A

Integrals and theorems for FT applications



Logarithms

Definitions

If                            y = a x     


then                       x = loga y
(A.1)

       In particular,  loge x = ln x
(A.2)

Properties

log (a . b) = log a  + log b
(A.3)


log EQ \B( \F(a,b) )  = log a  –  log b
(A.4)


log x n = n log x
(A.5)

Conversion from one base to another

If                ay  = x 


and            a z = w 


then            a = w 1/z  


Also,           x = w y/z   


and    logw x  =   EQ \F(y,z)   =   EQ \F(loga x,loga w) 
(A.6)


For example,  log10 x = log10 e . loge x = 0.434 loge x

Series expansions and approximations

Taylor expansion  [approximates f (x ) in the vicinity of x = a ]


f (x) = f (a) +  EQ \F(x – a,1!)  f '(a ) +  EQ \F((x – a)2,2!)  f ''(a ) + . . . +   EQ \F((x – a)n-1,(n – 1)!)  f (n–1) '(a ) + Rn
(A.7)


Rn =  EQ \F((x – a)n,n!)   f  n '(r )  ,    a < r < x
Factorials


N ! = N . (N–1) . (N–2) . . . 3 . 2 . 1
(A.8)


0! = 1 (definition)
(A.9)


ln N ! = N  ln N – N, for large N  (Stirling approximation)
(A.10)

Power series representations of simple functions


exp( ± x ) = 1  ±   EQ \F(x2,2!)   ±   EQ \F(x3,3!)   ±   EQ \F(x4,4!)   ±  . . .  +   EQ \F(( ± x ) n,n !)  , x may be complex
(A.11)


cos x  =  1  –   EQ \F(x2,2!)   +   EQ \F(x4,4!)   –  EQ \F( x6,6!)   ±  . . . 
(A.12)


sin x  =  x  –   EQ \F(x3,3!)   +   EQ \F(x5,5!)   –  EQ \F( x7,7!)   ±  . . . 
(A.13)


ln (1 ± x ) = ± x  –   EQ \F( x2,2)   ±   EQ \F(x3,3)   –   EQ \F(x4,4)   ±  . . .  ;      – 1 < x < +1
(A.14)

Binomial expansion
   (a +b)n = an + n a (n–1) b + . . . +  EQ \F(n !,m !(n–m) !)  a (n–m) bm + . . . + n ab (n–1) + bn
(A.15)

Trigonometric functions
Definition
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	        sin q
=   EQ \F(y,r) 
(A.16)

        cos q
=   EQ \F(x,r) 
(A.17)

        tan q
=   EQ \F(y,x)   =   EQ \F(sin q,cos q) 
(A.18)

    cos(– q )
=  cos q 
(A.19)

    sin(– q )
= – sin q 
(A.20)

2( radians
= 360 degrees
(A.21)


Relation between cartesian and polar coordinates

	




	             x 
=  r  sin q  cos f
(A.22)

              y 
=  r  sin q  sin f
(A.23)

              z 
=  cos q
(A.24)

	


Trigonometric identities


sin (a ± b)  = sin a  cos b  ±  cos a  sin b 
(A.25)


cos (a ± b)  =  cos a  cos b   EQ \O(–,+)   sin a  sin b 
(A.26)


sin a  cos b  =   EQ \F(1,2)  [sin (a + b) + sin (a – b)] 
(A.25a)


sin a  sin b  =   EQ \F(1,2)  [cos (a – b) – cos (a + b)] 
(A.26a)


cos a  cos b  =   EQ \F(1,2)  [cos (a + b) + cos (a – b)] 
(A.26b)


cos2 a  +  sin2 a  =  1
(A.27)


cos 2a  =  cos2 a  –  sin2 a  
(A.28)


=  2 cos2 a  –  1  =  1  –  2 sin2 a 
(A.28a)


sin 2a  =  2 sin a  cos a 
(A.29)


cos [(/2 – a ]  =  sin a 
(A.30)


sin [(/2– a ]  =  cos a 
(A.31)

Calculus:  Derivatives
Definition


 EQ \F(d f (x),dx)   =  f '(x);    EQ \F(d2 f (x),dx2)   =  f "(x) ; and so on
(A.32)

Derivatives of simple functions  (a  is a constant in Eqs. A.33 to A.37):


 EQ \F(d x a,dx)   =  a x (a – 1) 
(A.33)


 EQ \F(d  exp(ax ),dx)   =  a  exp(ax )
(A.34)


 EQ \F(d  ln ax,dx)   =   EQ \F(1,x)  
(A.35)


 EQ \F(d  sin ax,dx)   =  a  cos ax 
(A.36)


 EQ \F(d  cos ax,dx)   = – a  sin ax 
(A.37)

Derivative of a sum  (u and v  are functions of x  in Eqs. A.38 to A.42)

 EQ \F(d (u + v ),dx)   =   EQ \F(du,dx)   +   EQ \F(dv,dx)  
(A.38)

Derivative of a product

 EQ \F(d (u . v ),dx)   =  u  EQ \F( dv,dx)   +  v  EQ \F(  du,dx)   
(A.39)

Derivative of a quotient 


 EQ \F(d  \B(\F(u,v)),dx )   =   EQ \F(v  \F(du,dx)  –  u  \F(dv,dx) ,v 2)  
(A.40)

Chain rule 

 EQ \F(d \B(f (u )),dx)   =   EQ \F( df,du)   .   EQ \F(du,dx)  
(A.41)


 EQ \F(d \B(f (u , v ,  . . .)),dx)   =   EQ \F(∂ f,∂ u)  .   EQ \F(du,dx)   +   EQ \F( ∂ f,∂ v)  .   EQ \F(dv,dx)    +  . . .  
(A.42)

Calculus:   Integrals
Basic properties

 EQ \I(  a,  b,   f (x )  dx)   =  –  EQ \I(   b,  a,   f (x )  dx) 
(A.43)


 EQ \I(  a,  b,   \B(f 1(x  ) + f 2(x )) dx )   =   EQ \I(  a,  b,   f 1(x)   dx)  +  EQ \I(  a,  b,   f 2 (x)   dx) 
(A.44)


 EQ \I(  a,  b,   c  f (x )  dx)   =  c  EQ \I(  a,  b,   f (x )  dx)  ;     c  is a constant
(A.45)


 EQ \I(  a,  b,   f (x )  dx)   =   EQ \I(  a,  c,   f (x )  dx)  +  EQ \I(   c,  b,   f (x )  dx) 
(A.46)

Even and odd functions

f (x )  is even if f (– x ) = f (x )  
(A.47)



Examples:  x2,  cos x ,  sin2 x



f (x ) is odd if f (– x )= – f (x )
(A.48)



Examples:  x,  sin x 

Let E(x) be an even function and O(x) be an odd function; then


E(x) .  E(x)  =  even 
(A.49)


E(x) .  O(x)  =  odd 
(A.50)


O(x) .  O(x)  =  even 
(A.51)

Integrals of even and odd functions have the properties,


 EQ \I(  – a,  a,   E(x) dx)  = 2  EQ \I(  0,  a, E(x) dx) 
(A.52)


 EQ \I(  – a,  a,   O(x) dx)  = 0 
(A.53)

Change of variables

Given the integral,  EQ \I(x=a,  x=b, f (x) dx)  , suppose that we are asked to change variables from x  to u = u (x) and then to integrate over u, from u = u (a) to u = u (b).  We first express x  as a function of u, x = x (u), and then use the relation:


 EQ \I(x=a,  x=b,  f (x)  dx)    =  EQ \I(u=u (a),  u=u (b),   f  [x (u)]  \F(dx,du)  du)  
(A.54)

Integration by parts  (for generating integrals not listed in the table)


 EQ \I(a,  b, u (x) .  v '(x) dx )   =  u (x) .   v (x)   EQ \O(b,a)   –   EQ \I(a,  b, v (x) .  u ' (x) dx) 
 (A.55)

Indefinite integrals of selected functions.  Note:  Each indefinite integral is defined only to within a constant which may be evaluated when definite integration limits are specified.


 EQ \I(,, xn  dx)   =   EQ \F(x(n+1),n +1)   ,      n  ≠ – 1 
(A.56)


 EQ \I(,,\F( dx,x))   =  ln|x |,     x  ≠  0
(A.57)


 EQ \I(,, sin ax  dx)   =  –   EQ \F(cos ax,a)  
(A.58)


 EQ \I(,, cos ax  dx)   =   EQ \F(sin ax,a)  
(A.59)


 EQ \I(,, exp(ax) dx)   =   EQ \F(exp(ax),a)  
(A.60)


 EQ \I(,, ln ax  dx)   =  x  ln ax  –  x 
(A.61)


 EQ \I(,, x  exp(ax) dx )   =   EQ \F(ax  – 1,a 2)   exp(ax)
(A.62)


 EQ \I(,, sin ax   cos bx  dx)   = –   EQ \F(cos (a + b) x,2(a + b))   –   EQ \F(cos (a – b) x,2(a – b))  ,    a 2 ≠ b 2 
(A.63)


[For integrals involving sin ax  sin bx  or cos ax  cos bx, first use the trigonometric identities A.26a and A.26b; then use integrals A.58 and A.59.]


 EQ \I(,, exp(ax)  sin bx  dx)   =   EQ \F(exp(ax),a 2 + b 2) (a  sin bx  –  b  cos bx)  
(A.64)


 EQ \I(,, exp(ax) cos bx  dx)   =  EQ \F( exp(ax),a 2 + b 2)  (a  cos bx  +  b  sin bx)  
(A.65)


By applying Eqs. A.26a and A.26b to Eqs. A.64 and A.65, one can show that

 EQ \I(,, exp(ax) sin bx   sin cx  dx)   =   EQ \F(  \B  ((b – c) sin(b – c) x  +  a cos (b – c) x),2 \B(a 2  +  (b – c) 2))   exp(ax) 


 –    EQ \F( \B((b + c) sin(b + c) x  +  a  cos (b + c) x),2 \B(a 2  +  (b  + c) 2))   exp(ax)
(A.66)

 EQ \I(,, exp(ax) cos bx   cos cx  dx)   =  EQ \F(  \B((b – c) sin(b – c) x  +  a  cos (b – c) x),2 \B(a 2  +  (b – c) 2))   exp(ax) 


  +   EQ \F( \B((b + c) sin(b + c) x  +  a cos (b + c) x),2 \B(a 2  +  (b  + c) 2))   exp(ax) 
(A.67)


Finally, by applying Eq. A.25a to Eq. A.64, one can show that 

 EQ \I(,, exp(ax ) sin bx   cos cx  dx)   =   EQ \F(  \B( a  sin(b – c )x  –  (b – c ) cos(b – c )x ),2 \B(a 2  +  (b – c )2))   exp(ax )

+   EQ \F( \B( a  sin(b  + c )x  –  (b  + c ) cos(b  + c )x ),2 \B(a 2  +  (b  + c )2))   exp(ax )
(A.68)

Definite integrals of selected functions 


 EQ \I(  0,  ∞, exp(– ax ) dx  ) =   EQ \F(1,a)  
(A.69)


 EQ \I(  0,  p, sin2 mx  dx   ) =  EQ \I(  0,  p, cos2 mx  dx )  =   EQ \F(p,2)  
(A.70)


 EQ \I(  0,  ∞, exp(– a 2x 2) dx )   =   EQ \F(\r(p),2a) 
(A.71)


 EQ \I(  0,  ∞, exp(– a 2x 2)  cos bx dx)   =   EQ \F(\r(p),2a)   exp  EQ \b\bc\[(\F(– b 2,4a 2))  
(A.72)


 EQ \I(  0,  ∞, x  exp(– x 2)  dx)   =   EQ \F(1,2) 
(A.73)


 EQ \I(  0,  ∞, x 2  exp(– x 2) dx   ) =  EQ \F(\r(p),4)   
(A.74)


 EQ \I(  0,  ∞, exp(– a x )  cos bx  dx)   =   EQ \F(a,a 2 + b 2)  
(A.75)


 EQ \I(  0,  ∞, exp(– a x )  sin bx  dx)   =   EQ \F(b,a 2 + b 2)  
(A.76)


erf x  =   EQ \F(2,\R(p)) \I(  0,  x, exp(– t 2) dt  ) =  error function;    x may be complex 
(A.77)


erfc x  =  EQ \F( 2,\R(p))  \I(x,  ∞, exp(– t 2) dt )  = 1 – erf x  =  error function complement 
(A.78)


 EQ \I(,, exp\B(– (ax 2 + 2bx + c )) dx)  =  EQ \F(\R(p/a),2)  exp  EQ \B( \F(b 2 – ac,a) )   erf [ x   EQ \R(a)  ]  
(A.79)


 EQ \I(  0,  ∞, \F(exp (– at 2),t 2 + x 2) dt)   =   EQ \F(p,2x)   exp(ax 2)  erfc(x  EQ \R(a) )  ,     a > 0,   x > 0 
(A.80)

Probability and Statistics
Measures of the average  value of a series of measurements


Let pi   ≥  0 be the probability of observing xi , namely the i 'th possible result of a measurement of x.  Various average values of x are defined as follows.  


Arithmetic mean =  < x >  =   EQ \I\SU   (i,,  pi  xi )   ;  in which    EQ \I\SU   (i,,  pi )   =  1
(A.97)


Root mean square (rms) average  =   EQ \R( \s( ,< [ x – < x > ]2 > )) 


=   EQ \R( \I\SU(i,, pi  xi 2 )  – 2 \I\SU(i,, pi  xi)  +  \B( \I\SU(i,, pi xi) )2 ) 
(A.98)


Geometric mean (xi  > 0)  =   EQ \I\SU(i,,  pi  ln xi ) 
(A.99)

Measures of the deviation from the mean value

µk  =  k th moment about < x > =  EQ \I\SU(i,,  pi  (xi  - < x >)k) 
(A.100)

In particular,


µ0 = 1  if the probability distribution is normalized,


µ1 = 0  if the distribution is symmetrical about its mean value,

and
µ2 = Variance 
(A.101)


s  =  Standard Deviation =  EQ \R(µ2 )  
(A.102)


Mean absolute deviation =  EQ \I\SU(,, pi |xi  - < x >|)  
(A.103)

Normal distribution

The random variable, x , is said to be normally distributed if its (continuous) probability distribution is given by:


p(x ) =  EQ \f(1,\R(2p))   exp EQ \B( \F(– (x – < x >)2,2 s 2) )  
(A.104)

in which the mean value of x is < x >, the variance is s 2, and the standard devia-tion is s .

Chi-square distribution

If y 1, y 2, . . . , yn  are normally and independently distributed, with mean = 0 and variance = 1, then the distribution, c2,


c 2  =  EQ \i\su(i = 1,n,  yi 2 )  
is known as a Chi-square distribution with n degrees of freedom, with a probability distribution given by:


p(c 2)  =   EQ \f((c 2)(1/2) (n – 2),2(n/2) G \B(\F(n,2) ))   exp(– c 2/2) 
(A.105)

for which the mean value < c 2 > = n, and the variance = s 2 = 2n .

Matrices

A vector, x, may be represented as a one-dimensional row or column of numbers:


x  =  { xi }  =   EQ \B( x1  x2  x3  .   .   .   )  
 
or

                                                     x  =  { x j }  =    EQ \B(  \A\AL\CO1\vs8\hs8(  x1,  x2,  x3, \o(  .,   .,  .,  )  ))   
(A.106)


A matrix, A, is a two–dimensional array of numbers.  The element in the i 'th row and j 'th column of the matrix is denoted, aij .  The following rules apply to manipulations of vectors and matrices.


A  =  { ai j }  =   EQ \B(  \A\AL\CO5\vs8\hs12(  a11,  a12,  a13,  a14,  .   .   .,  a21,  a22,  a23,  a24,  .   .   .,  a31,  a32,  a33,  a34,  .   .   .,  a41,  a42,  a43,  a44,  .   .   .,  \o(  .,   .,  .,  ),  \o(  .,   .,  .,  ) ,  \o(  .,   .,  .,  ) ,  \o(  .,   .,  .,  ) ,    \o(  .,   .,  .,  )     ))       
(A.107)
Vector or Matrix addition or multiplication by a constant


z  =  k (x  +  y)

zi  = k (xi  +  yi)
(A.108a)

C  =  k (A  +  B) 

ci j  =  k (ai j  +  bi j)
(A.108b)
Product of a matrix and a (column) vector to give another (column) vector


y  =  A  x  


yi  =   EQ \I\SU(j,,  ai j  xj ) 
(A.109a)
For example,  y1  =  a11 x1  + a12 x2   + a13 x3  + . . .   , as shown below.
	 EQ \B(  \A\AL\CO4\vs14\hs12(  a11,  a12,  a13,  .   .   .,  a21,  a22,  a23,  .   .   .,  a31,  a32,  a33,  .   .   .,  \o(  .,   .,  .,  ) ,  \o(  .,   .,  .,  ) ,  \o(  .,   .,  .,  ) ,    \o(  .,   .,  .,  )     ))     
	   .   EQ \b(\A\AL\CO1\vs10\hs4(  x1,  x2,  x3, \o(  .,   .,  .,  ), ))  =  EQ \B(  \A\AL\CO1\vs4\hs4(  \I\SU(j,, a1j  xj),  \I\SU(j,, a2j  xj),  \I\SU(j,, a3j  xj),         \o(  .,   .,  .,  ), ))           (A.109b)


Product of two matrices

C  =  A . B 

cij  =   EQ \I\SU(k,,  aik  bkj) 
(A.110a)

In other words, the ij 'th element of the product matrix, C, is obtained by multiplying the elements of the i 'th row  of the first matrix, A, by the elements of the j 'th column of the second matrix, B.  For example,  c23  =  a21 b13  + a22 b23  + a23 b33    + . . .   as shown in Eq. A.110b. 

	 EQ \B(  \A\AL\CO4\vs8\hs4(  a11,  a12,  a13,  .   .   .,  a21,  a22,  a23,  .   .   .,  a31,  a32,  a33,  .   .   .,  \o(  .,  .,  .,  ),  \o(  .,   .,  .,  ),  \o(  .,   .,  .,  ),    \o(   .,   . ,  .,  )))  
	.  EQ \B(  \A\AL\CO4\vs8\hs4(  b11,  b12,  b13,  .   .   .,  b21,  b22,  b23,  .   .   .,  b31,  b32,  b33,  .   .   .,  \o(  .,  .,  .,  ),  \o(  .,   .,  .,  ),  \o(  .,   .,  .,  ),    \o(   .,   . ,  .,  )))  = 
	 EQ \B(  \A\AL\CO4\vs8\hs2( c11,  c12,  c13,  .   .   ., c21,  c22,  c23,  .   .   .,  c31,  c32,  c33,  .   .   ., \o(  .,  .,  .,  ),  \o(  .,   .,  .,  ),  \o(  .,   .,  .,  ),    \o(   .,   . ,  .,  ))) (A.110b) 
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